The flow past an infinite vertical isothermal plate started impulsively in its own plane in a viscous incompressible two-phase fluid has been considered by taking into account the viscous dissipative heat. The coupled nonlinear equations governing the flow are solved for fluid and particle phases by finite difference method. The velocity and temperature fields have been shown graphically for G being positive for dusty air and it was observed that the same results hold for water. (G denotes the Grashof number and G > 0 corresponds to cooling of the plate by free convection currents.) The results for G < 0 (heating of the plate) have been verified and discussed. The numerical values of skin friction and the rate of heat transfer of dusty fluid are shown in tables. The effects of G and E (the Eckert number) on the flow field are discussed. It is observed that dusty fluid causes an increase in skin friction. The increase in mass concentration of dust particles decreases the heat transfer rate. The presence of inert particles does not admit the reverse type of flow even for large values of t.
Introduction.
There have been numerous theoretical and experimental studies of heat and mass transfer induced by natural convection in fluids. The study of the flow of dusty fluids is of practical importance, particularly through packed beds, sedimentation, environmental pollution, chemical reactors, combustion systems, pneumatic transport, and centrifugal separation of particles.
The Stokes problem on free convection effects for an infinite vertical plate in a viscous incompressible fluid has a variety of physical applications, for example, filtration process, the drying of porous materials in textile industries and so forth.
The flow of an incompressible fluid past an impulsively started infinite horizontal plate in its own plane was first studied by Stokes [15] . Kazakevich and Krapivin [5] have experimentally studied the aerodynamic resistance of a dusty gas flowing through a system of pipes and have shown that the resistance is less than that of clear gas. Saffman [9] found an explanation for why the reduction of viscosity in dust particles in any gas has much larger inertia than that in an equivalent volume of air. The relative motion of dust particles and air will dissipate energy because of the drag between particles and air, and thus energy is extracted from the system. Saffman verified the above hypothesis on studying the stability of a laminar flow by investigating the effects of dust particles on the critical Reynolds number for transition to turbulent flow.
Marble [6] has made a comparative study of experimental and theoretical results on gas and particle temperature in a rocket nozzle and pointed out the accuracy of predicted results of particle lag in rocket nozzles. Mukherjee [7] made a critical review on heat transfer to flowing gas-solid mixtures by performing an experiment on the transportation of gas particles in air, through a tube having uniform heat flux. Depew showed that these equations are valid for 30 µm spheres and Reynolds number (less than 30 000). The results are applicable only to very dilute concentrations and to very small particles obeying Stokes' drag law. However, not many studies on free convection problems of two-phase fluid are reported in available literature. Investigations of free convection effects in viscous incompressible and compressible fluids with variable viscosity have been made by many authors. Illingwoth [4] considered the flow of a compressible gas with variable viscosity near an impulsively started vertical plate and solved by the method of successive approximation. Illiott [1] generalized Illingwoth's problem by considering time-dependent velocity and temperature of the plate but neglected the viscous dissipative heat. Stewardson [14] studied Stokes' problem for a semi-infinite plate by an analytical method and Hall [2] studied it by a finitedifference method (FDM) approach. All researchers considered the plate horizontal. Soundalgekar [12] gave the closed form solution of the Stokes problem. He solved it by considering a vertical infinite plate, by taking into account the free convection effects but neglecting viscous dissipative heat. The plate was assumed to be isothermal and the effects of heating or cooling of the plate on the flow were considered. The same author [10] gave a numerical solution to this problem, when viscous dissipative heat is considered, the problem being governed by a coupled nonlinear system of equations. Helmy [3] gave a brief account of free convection effects in dusty conducting fluids. In subsonic flow of an incompressible fluid, the heat due to viscous dissipation is present in a number of physical phenomena. Also in the case of fluids with high Prandtl number, viscous dissipative heat is always present even in slow motions. But in presence of viscous dissipative heat the mechanisms of fluid-particle interaction are yet to be studied. In the present study, the flow past an infinite vertical isothermal plate starting impulsively in its own plane in a viscous incompressible two-phase fluid has been considered by taking into account the viscous dissipative heat. The governing equations for convective flow are coupled and nonlinear. Hence it is not possible to get an analytic solution. The problem has been solved by FDM approach.
Formulation of the problem.
Here the x -axis is taken along the infinite plate in vertical direction and the y -axis is taken normal to the plate. The temperature of the plate is the same as that of the fluid when t < 0. The plate starts from rest and moves in its own plane with a velocity u 0 at t > 0 and the temperature is instantaneously raised or lowered to T w and is kept constant. All the fluid properties are assumed to be constant except that the influence of density variation with temperature has been considered only in the body force term. The buoyancy force on the dust particles is neglected. Following Saffman's model [9] of a dusty fluid, the governing equations for two-dimensional incompressible flow given by Marble [6] are
where the volume fraction and viscosity of the pseudofluid of solid particles have been neglected. Hereū, T , p, and ρ are the velocity, temperature, pressure, and density of fluid, respectively, and a subscript p denotes corresponding entities of particle phase. µ and c p , respectively, are the viscosity and specific heat of fluid, c s being the specific heat of particles. u t and u p represent heat fluxes for fluid phase and for particle phase, respectively. ϕ f is the viscous dissipation of fluid and F p is the total fluid-particle interaction force per unit volume. If the Reynolds number based on the relative velocity of particle is less than unity, then the force accelerating the particle to the fluid speed is given by Stokes' law, that is, 6πr p µ(ū p −ū), where r p is the radius of a particle. If N is assumed to be the number density of the particles, the total interaction force per unit volume is
where τ m = m/6πµr p is called relaxation time during which the velocity of the particle phase relative to that of the fluid phase is reduced to (1/e) times its initial value and m is the mass of each particle. Similarly, the total thermal interaction between the fluid and the particle phase per unit volume is given by Q p = ρc s (T p −T )/τ τ , and τ τ = mc s /4πKr p is the thermal relaxation time of particle phase (temperature of the particle phase relative to fluid is (1/e) times its initial value). In most studies of dusty fluids, some simplifying assumptions are usually made for dilute suspensions [8] . In our present study of free convective effects, we make the following assumptions.
(1) The number density N (the number of dust particles per unit volume of the mixture) of the particle is constant.
(2) Boussinesq's approximation is valid. (3) The dust particles are assumed to be spherical in shape, all having the same radius and mass and all being undeformable.
(4) The solid particles are sparsely distributed and they are noninteracting, so that the pressure locally has the same velocity vector and temperature.
Due to this assumption, deficiency of randomness in local particle motion, the pressure associated with the particle cloud is negligible. So, the fluid pressure p will be the same as total pressure of the mixture. Since the plate is infinite in x -direction, all the flow quantities are functions of y and t only. (y ,t ) , and γ = γ p = 0. Thus the continuity equations of fluid and particle phases are identically satisfied. Therefore the governing equations of motion of dusty, unsteady, viscous incompressible fluid (2.1) can be written as
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where u (y ,t ), u p (y ,t ) are the velocities of the fluid and particle, respectively, and p is the pressure. In the free stream from (2.2), we get
Eliminating −∂p /∂x from (2.2) and (2.6), we get
Here ρ = constant = ρ ∞ in all terms except the buoyancy term g(ρ ∞ − ρ). From the equation of state, we have
From (2.7) and (2.8) we obtain
where γ is the kinematics viscosity of the fluid and β is the coefficient of volume expansion.
The initial conditions of the problem are given by 10) and the boundary conditions are given by
Using the nondimensional variables
where α is the concentration parameter, G is the Grashof number, λ is the nondimensional relaxation time, P is the Prandtl number, and E is the Eckert number, (2.9), (2.3), (2.4), and (2.5) become
14)
and the initial and boundary conditions become
We solve (2.13), (2.14), (2.15), and (2.16) by FDMs. Replacing the partial differential coefficients occurring in the equations by their finite difference quotients, we have the following finite difference equations:
Here the index i refers to y and j refers to t. ∆y is taken to be 0.1. From (2.17),
From the boundary conditions,
According to analytical solutions of (2.13) for α = 0, we will regard y = 4.1 as the point corresponding to y = ∞ and all of u, u p , θ, θ p tend to zero at y ∼ 4 for all values of P and G. Therefore we take
This is true for all j equivalent to boundary condition (2.19). The velocities at the end of the time step, namely, u i,j+1 and u p(i,j+1) , i = 1 to 40, are computed from (2.20) and (2.21) in terms of velocities and temperatures at points of the earlier time step. Similarly θ i,j+1 , θ p(i,j+1) are computed from (2.22) and (2.23). The procedure is repeated till t = 1 (j = 400). The computations are carried out and the curves of u and u p against y are traced using MATLAB software. The numerical solution obtained for α = 0 is compared with the numerical solutions obtained by Soundalgekar [11] and there is perfect agreement. Besides, to ensure the accuracy of results, the solution obtained was compared with the analytic solution at t = 0.2, 0.4, and 0.5. For the entire range of y values an excellent agreement was found with maximum error less than one percent. The convergence was also tested for smaller values of ∆t; namely, ∆t = 0.002, 0.001, 0.003. The changes in the results were found to be negligible. It has been shown by Soundalgekar [13] that G < 0 corresponds to heating of the plate and G > 0 corresponds to cooling of the plate. 
Results and discussion.
The velocity profiles for both fluid and particle phase are depicted in Figure 3 .1, for dusty air (P = 0.71, α = 0.001), in the case of the plate being cooled by free convection currents. We observe that due to presence of viscous dissipative heat, there is a rise not only in velocity of air (fluid phase) but also in particle phase. But when compared to air, particle velocity is less. Also it follows from Figure 3 .1 that greater cooling of the plate causes a rise in velocity. It has also been verified that the increase in time leads to a rise in velocity of both phases. We observe from Figure  3 .2 that greater viscous dissipative heat causes more rise in velocity (E = 0.2, 0.5, and 0.8) in both phases. Velocity profiles of both phases are drawn in Figure 3 .3. For a slightly higher mass concentration parameter, α = 0.002, we find that an increase in Grashof number (greater than 0) causes an increase in velocity of both phases. It is interesting to infer from the same figure that closer are the velocity profiles of both the fluid and particle phases, though G takes values 0.2 and 0.9 (α = 0.002, t = 0.2). Also heating/cooling of the plate causes a small change in relaxation time of inert particle. It can be seen from Figure 3 .4 that heating and cooling of the plate have almost the same effect on the velocities of both phases at t = 0.5. From Figure 3 .5, for G < 0, greater viscous dissipative heat causes a fall in temperature not only in fluid phase but also in particle phase. Having studied velocity of fluid, we now calculate skin friction given by
By using Newton's interpolation formula of numerical differentiation and by taking five points, the values of τ for P = 7 and 0.71 (water and air) are calculated and entered in Tables 3.1 and 3 .2, respectively. We observe from Tables 3.1 and 3.2 that skin friction decreases as time increases (for both air and water). Greater dissipative heat causes fall in skin friction. However, we find that a small increase of mass concentration causes increase in skin friction (Tables 3.1 
been observed by Soundalgekar [13] for large values of t when the plate is cooled. But in dusty fluids (α = 0.001; α = 0.0025), we observe that skin friction is positive. So it is important to note that the presence of inert particles does not admit the reverse type of flow for large values of t. This is true in the cases of water and air. Also for dusty fluids it is true that skin friction is more in the case of water than in the case of air. Skin friction increases with temperature of the plate. The rate of heat transfer is given The numerical values of q obtained for water and air are displayed in Tables 3.1, 3.2,  3 .3, and 3.4 for α = 0.0025 and 0.001. We include the points observed from Tables 3.1 to 3.4 regarding dusty fluids in concluding remarks.
Conclusions.
(1) Heat transfer rate increases with greater cooling or heating of the plate.
(2) But greater viscous dissipative heat causes a fall in the rate of heat transfer when G > 0 and a rise in the rate of heat transfer when G < 0.
(3) It is important to note that even a small increase in mass concentration of dust particles causes a fall in the rate of heat transfer.
(4) Mass concentration of dust particles plays a dominant role in changing the heat transfer rate of dusty fluids.
(5) For G><0, greater viscous dissipative heat causes more rise in velocity not only in fluid phase but also in particle phase.
(6) Greater heating of the plate causes a fall in velocity and greater cooling of the plate causes a rise in velocity in particle phase.
(7) Greater cooling increases the relaxation time of particle phase. (8) At large t, heating and cooling of the plate have almost got the same effect for both phases.
(9) For G < 0, greater viscous dissipative heat causes a fall in temperature in both phases.
(10) Presence of inert suspended Stokesian solid particles in the fluid does not admit reverse type of flow even for large values of t.
